We comment on the recent papers by Costa et al and Emparan, which show how one might generate supergravity solutions describing certain dielectric branes in ten dimensions. The "basic" such solutions describe either N fundamental strings or N D4-branes expanding into a D6-brane, with topology M 2 ⊗ S 5 or M 5 ⊗ S 2 respectively. Treating these solutions in a unified way, we note that they allow for precisely two values of the radius of the relevant sphere, and that the solution with the smaller value of the radius has the lower energy. Moreover, the possible radii in both cases agree up to numerical factors with the corresponding solutions of the D6-brane worldvolume theory. We thus argue that these supergravity solutions are the correct gravitational description of the dielectric branes of Emparan and Myers. *
Introduction
The higher-dimensional counterparts of the Melvin universe [1] , which describe gravitating magnetic fluxbranes, have appeared in various string-and M-theoretic guises over the last few years. (For work not of direct relevance here, see [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] .) Within the KaluzaKlein context, the most natural way to generate such fluxbranes is via a twisted compactification of flat space [15, 16, 17] . Moreover, starting instead with the Euclidean Schwarzschild solution cross a trivial time direction, one can generate spherical branes via just such a twisted compactification [17] . In slightly different language, one can think of this as follows: take a D-dimensional uncharged black string; analytically continue the worldvolume coordinates; and perform a double dimensional reduction along a twisted direction. The resulting (D−1)-dimensional solution describes a spherical (D − 5)-brane in the core of a magnetic fluxbrane. It has local, but zero net, magnetic charge 1 .
If one now adds N units of 2-form charge to the D-dimensional black string, the (D − 1)-dimensional solution will exhibit N units of 1-form charge, so is more rightly interpreted as a collection of N particles "expanding" into a sphere under the influence of the background (D − 3)-form magnetic field. Of course, these techniques need not only be applied to black strings and, in recent work, Costa et al [18] and Emparan [19] considered their application in an M-theoretic context. Starting with the basic branes of eleven-dimensional supergravity, then, these authors showed how to generate solutions of type IIA supergravity which describe various ten-dimensional branes expanding into a D6-brane under the influence of a background 8-form magnetic field. In particular, the reduction of certain M2-or M5-brane solutions generates ten-dimensional solutions describing F-strings or D4-branes expanding into a D6-brane with topology M 2 ⊗ S 5 or M 5 ⊗ S 2 respectively 2 .
One of the motivations behind this work was to try to get a handle on the possible supergravity description of the dielectric branes of Emparan [20] and Myers [21] . Imposing T-duality invariance on the non-abelian action relevant to the description of multiple Dp-branes, gives rise to a whole host of worldvolume couplings which are not present in the abelian theory [21, 22] . In particular, the Chern-Simons piece of the action must include couplings to Ramond-Ramond (R-R) potentials of degree greater than (p + 1), giving rise to possible couplings to higher-dimensional branes. The presence of such terms allows for the "dielectric effect", the simplest example of which is that of N Dp-branes expanding into a D(p + 2)-brane under the influence of the (p + 3)-form R-R potential associated with the latter [21, 23] . The resulting dielectric brane, which is a minimum of the worldvolume energy functional, has worldvolume M p+1 ⊗ S 2 NC , where S 2 NC is the non-commutative or fuzzy two-sphere.
Although this process is most properly described from within the non-abelian worldvolume theory of the Dp-branes, one can alternatively consider the dual description from within the abelian theory of the D(p+2)-brane. In the large N limit, the non-commutative nature of the sphere is lost, and these two descriptions agree [21] . Since it is unlikely that such non-commutative structures will appear within a supergravity perspective, any supergravity solution purporting to describe this dielectric effect should be compared to solutions of the D(p + 2)-brane worldvolume theory. From this perspective, the standard coupling of a (p + 1)-form R-R potential to the D(p + 2)-brane gives rise to "dissolved" Dp-branes within the worldvolume of the D(p + 2)-brane [24] . And it is the presence of this dissolved Dp-brane charge which allows for spherical solutions of the D(p + 2)-brane theory.
The existence of such spherical D(p + 2)-branes with dissolved Dp-brane charge was anticipated by Emparan in [20] . The main point of this work, however, was to analyse spherical D(p + 2)-brane solutions with dissolved F-string charge. The interpretation of such solutions was that of N "BornInfeld strings" [25, 26] expanding into a sphere under the influence of an external R-R potential. Various arguments can then be used to identify the string-like solution of Born-Infeld theory as a fundamental string, but it is clear that one lacks a proper description of this process from the point of view of the F-strings themselves.
Many features of the supergravity solutions discovered by Costa et al [18] and Emparan [19] suggest that they should, indeed, be thought of as the proper gravitational description of these dielectric branes for p = 4 3 . However, the connections are not entirely clear and, at the very least, further analysis of the properties of these solutions should be undertaken [19] . It is our purpose here to make a start in this direction.
In sections 2 and 3 we review possible spherical solutions of the D6-brane worldvolume theory due to the presence of dissolved D4-brane and F-string charge respectively. In section 4, we turn to the supergravity solutions of [18, 19] . To comment on them, a brief review of their construction is necessary. We treat both the F-string and D4-brane solutions in a unified way, since they have the same structure, and then compare directly with the worldvolume analysis of sections 2 and 3. In both cases, the solution is consistent for precisely two values of the radius of the five-or two-dimensional sphere, a point missed in the treatment of [18] because the limiting procedure used therein sends one of the radii to infinity. Moreover, the functional form of these radii as a function of N , the number of D4-branes or F-strings, precisely matches that of the world volume calculation. That this should be the case is rather unexpected. In subsection 4.2, we comment on the energetics of these two consistent solutions, and show that the smaller value of the radiuswhich corresponds to the minimum of the worldvolume potentials exhibited by Emparan and Myers -has the lower energy. We are thus of the opinion that the connections between the supergravity and worldvolume descriptions should be taken seriously.
2 Spherical D6-branes from D4-branes -the worldvolume theory Consider, then, N flat D4-branes polarized by a 7-form R-R potential into a D6-brane. From the point of view of the D6-brane, such a configuration is described by a solution with topology M 5 ⊗S 2 and N units of dissolved D4-brane flux. To a first approximation, the toy model 4 analogous to that considered by Myers [21] -a flat background geometry and a constant 8-form field strength -does indeed allow for such solutions. We will see that the supergravity solutions of Costa et al [18] and Emparan [19] correspond to this simple model with a surprising degree of accuracy.
The flat ten-dimensional metric is written as
where dΩ 2 n denotes the round metric on a unit n-sphere, and the worldvolume of the D6-brane is taken to be the obvious M 5 ⊗S 2 . We are interested in static solutions of the worldvolume theory for r = R = const. The constant background 8-form field strength and corresponding 7-form potential is chosen to be
2)
where ǫ(M) denotes the volume form on the space M, and where a convenient choice of gauge has been made. The D6-brane action is a sum of Dirac-Born-Infeld [27] and Chern-Simons [24, 28, 29] terms:
4)
where we have set the Kalb-Ramond 2-form to zero, F is the abelian Born-Infeld 2-form field strength, P [. . .] denotes a pull-back to the worldvolume of the spacetime fields, T 6 = µ 6 = ((2π) 6 α ′7/2 ) −1 and λ = 2πα ′ . The Chern-Simons action is a sum of terms containing all the R-R potentials, C [n] , for 1 ≤ n ≤ 7:
which are the relevant couplings of these potentials to Dp-branes for 0 ≤ p ≤ 6. The Born-Infeld field strength is then chosen such that the second term in (2.7) mimics the coupling of N D4-branes to C [5] . With
we have λT 6
where we have used the relation 2πλT p+2 = T p . Substituting for this Born-Infeld field strength, and for the radius r = R, in the background metric (2.1), gives the potential [21] 
where we have taken the dilaton to vanish. If we introduce the dimensionless worldvolume quantities
11) 13) then the dimensionless potential, V D , has extrema when the following condition holds:
For N W < 1 2 there are two non trivial extrema, given by as shown in figure 1. There are thus two solutions describing spherical D6-branes, one a maximum of the potential, the other a local minimum. In figure 2a we show how the stationary points of the potential change as the number of D4-branes change. Figure 2b shows the potential at these points.
Myers [21] considers the case where N D < 
The single non-zero extremum is then at ρ D ≃ N D so, in this limit, we lose the information about the maximum. A similar limit was taken in the supergravity solution of [18] which again obscured the fact that there is a second consistent solution. We shall see below that, prior to any limit being taken, the allowed radii of the supergravity solution have precisely the same functional form as (2.14). We believe this to be strong evidence that the worldvolume and supergravity pictures are describing the same phenomenon.
Spherical D6-branes from F-strings -the worldvolume theory
We now turn to the case considered by Emparan [20] , in which N F-strings expand into a D6-brane with topology M 2 ⊗ S 5 . Taking the same action as in (2.4), we place the D6-brane at constant r = R in the flat spacetime given by
The Born-Infeld field strength is given by
where E is a constant electric field, and we take the constant R-R 8-form field strength and corresponding 7-form potential to be 
The action (2.4) then reduces to 20) where l is the length of the string and Ω n denotes the volume of a unit n-sphere. Introducing the conjugate momentum, D = δL δE , we find that the Hamiltonian, (ED − L), is given by [20] 
To relate D to N , the number of dissolved F-strings, we take R to zero to obtain a string-like state with energy per unit length D/λ = DT F , so we simply associate D = N [20] . Now we use
, and introduce the following dimensionless quantities
The extrema of the potential (3.24) are given by Again there is a maximum charge, above which there are no stable solutions. To calculate it, we use the fact that at this maximum charge, the two extrema merge into a point of inflection, so 5 . In figure 3 we show how the potential changes with the number of F-strings dissolved in the D6-brane. How the location of the extrema changes with N F is shown in figure 4a , there clearly being two extrema for N F below the maximum value. This system is seen to be qualitatively the same as the one considered in section 2, the D4-brane blowing up into a D6-brane.
The supergravity description
The eleven-dimensional starting point of the discussion of [18, 19] is the double analytic continuation of the rotating black M2-and M5-branes 5 :
where (d,d) = (3, 6) and (6, 3) for the M2-and M5-branes respectively, and where For the M2-brane, the 3-form potential is given by
whereas for the M5-brane it is
The location, r H , of the "Euclidean horizon" or bolt is given by the zero off , so that 30) and the "Euclidean angular velocity", Ω, is
To avoid a conical singularity at r = r H , τ must be periodic with period 2πR 11 , where
Finally, we must also consider the quantization of M2-and M5-brane charge which gives
where we have used the fact that the eleven-dimensional Planck length, l P , is given by l P = g 1/3 s √ α ′ . N denotes the number of M2-or M5-branes, and the constant cd is
so that c 6 = 8 and c 3 = 1/2. As explained in [18, 19] , the ten-dimensional geometry is found by reducing along orbits of the Killing vector
the fixed point set of the corresponding isometry being (r = r H , θ = 0). To dimensionally reduce, one identifies points separated by a distance of 2πR 11 along integral curves of K. Introducing a new angular coordinate φ =φ − Bτ , which has standard 2π periodicity and is constant along orbits of K, gives K = ∂/∂τ . Then the ten-dimensional string frame metric is
where Then by imposing
we avoid a possible conical singularity of the ten-dimensional metric. As described in [18, 19] , the ten-dimensional metric has the correct form to describe an F-string or D4-brane expanding into a D6-brane. The fixed point set (r = r H , θ = 0) of K leads to a null singularity in the metric (4.36), the singular surface being identified with the spherical part of the worldvolume of the F-string or
Moreover, an analysis of the near-core spacetime shows that, in both cases, the radius of the sphere into which the F-string or D4-brane expands is precisely equal to r H [18, 19] .
The radius of the sphere
The question with which we are concerned here is, for what values of r H does the solution (4.36) make sense? That is, what values of r H are allowed and, furthermore, do the allowed values of r H match the radii of the polarized branes discussed in sections 2 and 3? To address this question, we need to think about which quantities to hold fixed as we vary the values of N and B. At first sight, one might consider holding the rotation parameter, l, fixed, but this is incorrect; we should rather be considering the set of possible solutions for constant 2κ 10 = (2π) 7 R 2 11 α ′3 . In other words, we should fix R 11 , in order that our family of ten-dimensional solutions have the same Newton's constant. We thus use the four relations (4.30), (4.32), (4.33) and (4.39) to eliminate l, α and k, and to give a relation between r H , N , B and R 11 . First rewrite (4.39) as
Now take (4.30) to eliminate l from (4.40) and (4.32). Then eliminate α by using (4.32),
We may now solve this quadratic for k and substitute into (4.33). We note that the requirement k ≥ 0 gives the restriction 0 ≤ BR 11 ≤ 1, (4.42) so that B = 1/R 11 is the maximum magnetic field [17] . However, for the ten-dimensional KaluzaKlein picture to be valid, we need all ten-dimensional length scales to be larger than the compactification scale, R 11 . The magnetic field gives just such a length scale, 1/B, so the solution is truly ten-dimensional only for BR 11 ≪ 1. At any rate, we now find
where we have defined
we have
The functions A(BR 11 ) and η(BR 11 ) which control this equation, are plotted in figure 5 . By introducing the dimensionless quantities
47)
relevant for the supergravity solutions, we finally find
which is of precisely the same form as (2.14) ford = 3, and (3.25) ford = 6. Although we cannot reproduce the correct numerical factors for any value of BR 11 , it is surprising enough that the form of the equations are the same when one considers that the worldvolume calculation did not make use of a consistent supergravity background. In figure 6 we show how the radius, ρ S , of the (d − 1)-sphere depends on N S , the dimensionless quantity defining the (d − 2)-brane charge of the solution. There are various noteworthy points. For N S less than some critical value, there are always two values of r H . As long as the F-string or D4-brane charge is not too large, then, there are two distinct and consistent supergravity solutions of the form (4.36). In the following subsection, we will see that the solution with the smaller value of r H has the lower energy. As we decrease the charge, the larger value of r H increases, and the smaller decreases. For zero charge -essentially the situation considered by Dowker et al [17] -there is only a single non-trivial value of r H , this solution being unstable [17] . It corresponds to α = 0, whereas the trivial solution r H = 0 corresponds to k = 0, which we shall use as a background to calculate the energy of the charged solutions.
We now have all the information we need to consider the B → 0 limit for fixed N and R 11 (we consider the cased = 3). For BR 11 ≪ 1, η ∝ BR 11 and A −1 ∝ BR 11 (see figure 5 ), so from (4.48) we have N S → A −2 → 0. Figure 6 shows that there are two radii for which N S → 0, one at ρ S → 0 and the other at ρ S → 1. The former has N S ∝ ρ S (see figure 6 ) as ρ S → 0 so, from (4.47), we have
∝ A → ∞. The solution with the smaller radius was identified as the stable solution of the worldvolume theory, so as the magnetic field is reduced this radius goes to zero; the effect disappears, as expected. The other solution, with the larger radius, is a charged version of the one found by Dowker et al [17] where it was seen that the small B limit gave r H → ∞, an effectively planar brane.
Energetics
Following [18] , to compute the energy of the ten-dimensional solutions we make use of the background subtraction method [32] , where the relevant background is the k = 0 solution: the standard Melvin-like flux 7-brane solution [9] written in spherical oblate coordinates. That is to say we define the zero of energy to be the k = 0 solution. We also need to transform the metric (4.36) to the Einstein frame for this calculation, using ds 2 E = e −φ/2 ds 2 s . Specifically [32] 
where h ij is the metric induced on a constant r slice of the constant time slice, h is its determinant and the integration is performed as r → ∞. The lapse function, N , and extrinsic curvature, K, of the constant r slice, are given by
and a "0" subscript denotes the corresponding quantities for the reference k = 0 background. We find 7
where V n denotes the volume of E n . Defining the dimensionless energy, E S , as
gives
which is plotted in figure 6 for the two values ofd. In both cases, the solution with the smaller radius has lower energy, which agrees with the pictures presented in sections 2 and 3. The "ground state" supergravity solutions would then naturally have the smaller value of the radius, this corresponding to the minimum of the worldvolume potentials.
Discussion
We have provided strong evidence that the supergravity solutions of Costa et al [18] and Emparan [19] are describing the dielectric effect whereby F-strings or D4-branes expand into spherical D6-branes. We have presented the two supergravity solutions in a unified manner showing that, in both cases, there are two distinct static solutions. Moreover, the radius of these solutions has precisely the same functional form as that implied by the worldvolume analyses of Emparan [20] and Myers [21] . On the supergravity side, the solutions with the smaller radius have the lower energy, corresponding to the minimum of the respective worldvolume potentials. Of course, "off-shell" configurations with arbitrary values of the radius could be considered, and they will have some given energy, which may be lower still. However, such configurations will also exhibit conical singularities. In this sense, the non-singular spacetimes do not appear to be extrema of any energy functional, as the corresponding worldvolume solutions are. At any rate, one would expect that the "ground state" is that with the smaller radius and lower energy. From the worldvolume perspective, it is clear that tunnelling should occur from the stable configuration to some non-static expanding solution. On the supergravity side, in the case with no dissolved charge, instantons describing such a process exist, and have been described in some detail by Dowker et al [17] . They correspond to the nucleation of spherical branes within a fluxbrane. It would be interesting to look for analogous instantons in the case with dissolved charge.
